
 Hom and tensor product

The localization can also be expressed as a tensor product
We'llgive a brief intro to tensor and Hom First we give a

quick review of exactness

let Mo Mi Mnbe Rmodules with maps betweenthem

MottsM Is Mn

The sequence above is ex act at Mi if imfi kerfit
The whole sequence is exact if it is exact at each
Mi for Oci ch

A shortexactuence is an exact sequence of the

form
o A EsB 9 C 0

In this case A Kelly and C coker f E BIA

Hove

Det If M N are R modules then Homp MN is

The R moduleof homomorphisms M N

Ex Hompi R N Ei N



Hom is a functor in each of its entries

Fix an R module M

Then Horn M takes a map A B to a map

M A HompfM A Homp M B

i b
B

Hom M is lett exact i e if

O A B C is exact then so is

0 Horn M A Horn M B Hom Msc

Hom f M is also a functor butgiven A B

A B we get a map Hom B M HomfAM

Im so it reverses arrows i.e it's a

Xamarin functor

If A B c O is exact then

O Horn GM Hom B M Hom A M is exact

Tensorproclucts

If M and N are R modules

MapN is the R module generated by elts of the form

M h w MEM he N

s t it satisfies the following relations



If reR Crm he r m n m rn

Mtm h M n t m h and

M n th m n t m n

Xin In general elts look like finite sums Emi hi
i

It's usually difficult to tell if two given elts are

equal In fact it'soften a question what the muinimum
number of simple tensors required toexpress an element is

Ex
1 R RM E M E M r R and M RNE N r M

Z R x Xm pR mm xJ E R Xi Xn

3 OX REX Cx

I JER ideals MI r R I J

5 If M is an R module San R algebra then
S M is an S module s toxin St in

Tensor product is associative and distributes over direct

sum i e

A B C E A CB C and

A Bot C ECA B A C



Universalproperty

Note that MXN M N defined mints in h as a function

not a morphism is biting over R

In other words for fixed h CN m m n is an

R module homomorphism and the same in the other
coordinate

venalpwperisorproduct
if homomorphismf MXN P is bilinear 7 a unique

f i M N P s t

Q
Mx N M N

it commutes7
Remark Tensor product is a functor

A 1 A M

where 4 A B goes to 4 id A M B M

Claim Tensor product RM is right exact
i e if

P
A Is B c o



is exact then so is

A KM Box M C
4 id paid RM O

PI If c me PM then there is some bEB
such that B b C Thus b m c m so p id
is surjective

To prove exactness at B pm we first construct a map

B RM
m x id

C RM

defined b m p b m

To show it is well defined we need to check that
J O i e if a ME A M Then

a m Ex a m p x al m O

Thus it is well defined and surjective from above

To show it's an isomorphism construct a bilinear map

Cx M B Mfm a id

and apply the universal property see HW 2 make
sure to show your bilinear map is well defined D



Rightexactness gives us the following important isomorphism

Pep If M is an R module and I C R an ideal

Then RTI R M E MIM

where IM am AEI men E M

PI consider the short exact sequence

0 I R Rft O

Tensoring by M yields the exact sequence
I M R M MI M o

x B

Thus R Mima E MI M

We know R M E M so im 4 IM and we

get the desired isomorphism D

Thu z Q I 0

Localize
We can describe the localization of a module by
first localizing the ring and then tensoring



ng

lemma The map U R r M U M defined

1 m rut is an isomorphism cot WR modules

Note We can construct this map via the universal

prop of tensor

PI We'll construct an inverse

4 U M U R pm defined

F ut m

Why is this well defined

If hut hut then VU'm VUml some VE U

I Vu'm I um v U I m v u I m

f m ut m D

since we've written localization as a tensor product
we know that it is right exact In fact it also

preserves injections and thus preserves exact sequences
This is called flatness

Def An R module F is flaet if for every injective
R module map M N FoxM f N is injective

as well



Prep U R is flat as an R module Thus localization

preserves exact sequences

If Assume4 M M is an injection of R modules

We want to show U R pm U R pm is injective
112 112

4 M u M

If Its O Then V4cm O some ve U

4km o um o

ma O D

As previously mentioned there are many properties of
modules and rings that we can check by checking
locally For example we can check that an element of
a module is zero by checking that it's zero in the

localization at each mail ideal

Lemmy R a ring M an R module

a If a cM Then a O ya O in Mm for each

max 1 ideal MER

b M O Mm O V max ideal MER



PI a let a cM The annihilator of a is defined

Ann a ro R ra o

Note that Ann a ER is an ideal

Then f 0 in Mm Ua 0 for some Ucf m

Ann a m

Thus f o in Mm for 11max't m Anu a R

a O in M

b M o a O t a c M ah o in ah Mm D

Another thing we can check locally is injectivity and

surjectivity

Cer If 4 M N is a map of R modules then 4
is injective resp surjective iff YmMm Nm is V

max l ideals m

PI follows fromflatness

Conversely if Ker Ym E Ker4 m
O f m

then her4 0 Similarly w cokernel D


